Empirical market microstructure literature widely employs the non-linear and non-Gaussian Multiplicative Error Class of Models (MEMs) in modelling the dynamics of trading duration and financial marks. It routinely maintains the weak exogeneity of duration vis-à-vis marks in estimations. However, microstructure theory states that trade duration, volume and transaction prices are simultaneously determined. We propose Lagrange-multiplier (LM) tests for weak exogeneity for the MEMs. Our LM tests are extensions of the weak exogeneity tests applicable to VAR or VECM models with Gaussian distribution. Empirical assessments show that (i) weak exogeneity is widely rejected by the data in the MEMs and (ii) the failure of weak exogeneity seriously biases parameter estimates. We hope our tests will be of interest in future empirical applications. JEL Classification: C32, C12, G10
Introduction
The theory of market microstructure explains trading activity in financial markets as information and/or liquidity based. It maintains that trade duration and marks 1 convey important information about fundamental asset prices and market participants' behaviour. The empirical literature on market microstructure analyses the dynamics of trading duration, volume and price volatility. A large body of this literature (Dufour and Engle, 2000; Engle, 2000; Grammig and Wellner, 2002; Manganelli, 2005; Engle and Sun, 2007; Hautsch, 2008; Bowe et al., 2009 ; to name but a few) employs a vector Multiplicative Error Model (MEM) 2 , proposed by Engle (2002) and Cipollini et al. (2007) , to analyse these relationships. The basic idea of the MEM is to model the non-negative valued financial time series as the product of an autoregressive scale factor and an innovation process with non-negative support. The empirical evidence on the relationships between duration and marks is mixed, however. However, this simplicity could prove costly unless the weak exogeneity of durations is sustained statistically. Conceptually, the exogeneity of duration is rather shaky because trade durations and marks tend to be highly correlated and there is no clarity on the flows of causality between them. Microstructure theory (Admati and Pfleiderer, 1988; Easley and O'Hara, 1992; Foster and Viswanathan, 1996) postulates that duration, volume and transaction prices tend to be simultaneously determined which raises concerns about the weak exogeneity of duration vis-à-vis marks. The failure of this assumption may result in biased and/or inconsistent parameter estimates and render inferences invalid (White, 1981 (White, , 1982 . It is therefore important to assess this 1 Durations are typically the time elapsing between trades of financial assets whereas market marks, commonly of most interest, are the trading volume, bid-ask spread, and the return volatility.
2 Engle (2002) and Cipollini et al. (2007) propose a Multiplicative Error Model (MEM) for the dynamics of non-negative value processes. The MEMs incorporate the ACD model (Engle and Russell, 1998) for financial duration and the GARCH model for return volatility as a special case.
3 Engle (2000) analyses the dynamics of duration and volatility recursively and finds that the longer duration leads to lower volatilities, which is also confirmed by Manganelli (2005) who analyses duration, volume and volatility jointly. In contrast, Grammig and Wellner (2002) formulate interdependent intraday duration and volatility models and report that lagged volatility significantly reduces transaction intensity. Dufour and Engle (2000) , under the recursive VAR model, show that prices, bid-ask spreads and price volatility all increase when traders observe short duration. Bowe et al. (2009) analysing a trivariate VAR, find that duration is affected positively by volatility, which is opposite to the findings of Engle (2000) .
issue and derive a formal test of weak exogeneity of duration applicable to these MEMs of market microstructure.
The issue of weak exogeneity is by no means new, yet the existing literature on this topic is mainly based on linear Gaussian models. For example, Dolado (1992) , Boswijk and Urbain (1997) and Engle and Hendry (1993) , among others, have derived weak exogeneity tests for VAR or VECM models with Gaussian distribution.
Unfortunately, these tests are not directly applicable to MEMs as they are non-linear and non-Gaussian. This paper aims to bridge this gap and contributes to the literature in the following ways. First, we extend weak exogeneity tests to a non-linear and non-Gaussian framework which is applicable to the MEMs. In so doing, we formally illustrate the conditions under which weak exogeneity of duration vis-à-vis marks could be maintained in these models and propose LM tests of weak exogeneity. Our proposed tests show good power properties. Second, we examine the consequences of the failure of weak exogeneity in the MEMs through Monte Carlo simulations.
Consistent with the findings vis-à-vis linear Gaussian VAR and VECM models, we also find that the failure of weak exogeneity results in biased parameter estimates for MEMs. This bias is accentuated with the increasing error correlation of duration and marks. Finally, we employ our proposed LM tests to investigate if the hypotheses of weak exogeneity, maintained by Manganelli (2005) , could be sustained in his dataset.
We find that the assumption of the weak exogeneity of duration is often rejected by frequently traded stocks, but less often by infrequently traded stocks. These findings largely go against the generally maintained hypothesis by the vast body of literature cited above and hence the general expectation that duration is weakly exogenous vis-à-vis marks in the Multiplicative Error Models.
The remainder of the paper is organised as follows. The following section sets out the model and illustrates the notion of weak exogeneity. Section 3 derives an LM test for weak exogeneity and discusses its power properties. Section 4 contains empirical applications and Section 5 concludes the paper.
Weak exogeneity in MEMs
The MEM, proposed by Engle (2002) and Cipollini et al. (2007) , is widely used to model the dynamics of non-negative valued and highly persistent financial time series.
This class of models has a non-linear mean and non-Gaussian distribution; it includes the Autoregressive Conditional Duration (ACD) model of Engle and Russell (1998) for financial duration, and the GARCH model for return volatility. Since both duration and marks are non-negative valued and persistently clustered over time, it is commonplace to analyse their relationship using the MEMs. 
4 To our knowledge, the only available distribution for these processes is the Multivariate Gamma Distribution; however, it only admits positive error correlation which is too restrictive, as shown by Cipollini et al. (2007) .
The focus of this paper is to investigate the conditions under which the weak exogeneity assumption in (2) is satisfied and derive formal tests of weak exogeneity.
Different definitions of exogeneity -viz., weak-, strong-and super-exogeneityare clarified by Engle et al. (1983) 
Proofs of Lemma 1 are provided in Appendix1.
It is worth noting that the orthogonality condition is rather strong in practice.
However, its requirement depends on the model or the parameters of interest as illustrated by Engle et al. (1983) . Clearly, in (2) the focus is on the joint density of t x and t y -i.e., the parameters of both processes -which requires orthogonality condition to be satisfied for the weak exogeneity of t x , as outlined. Given that only one of the two sources of potential breakdown of weak exogeneity 
The error terms 1t  is equal to one. The joint log-likelihood function is then:
where y l and x l are the log-likelihood functions for marks and the duration processes. Moreover, under 0 H of weak exogeneity, the two processes can be estimated separately.
The general theory of ML leads to a simple score test for 1 0   in (5). Then the score LM test ( 1 S ) has the familiar form: 
And the submatrix() y yc I  can be partitioned as 
Only the inverse of ( ) y yc I  is needed to derive the LM test. Applying the formula for the inverse of a partitioned matrix to this, we obtain 
Assume 1t  and 12,t  both have exponential density, then the associated log-likelihood function is:
(log / ) (log / ).
Moreover, under 0 H of weak exogeneity, the marginal and conditional models can be estimated separately. Then the score LM test ( 2 S ) has the familiar form: 
We only require the relevant part of the inverse of the Hessian matrix to derive the LM statistic. The score matrix is partitioned as: 
The tests for the joint hypothesis can be derived similarly. 
Power of the test
We first study the power of the Type I LM test as set out in (7 
An empirical application
We address two issues in this section. First, we numerically assess the consequences of the breakdown of weak exogeneity. Second, we employ our proposed LM tests to investigate if the hypotheses of weak exogeneity, maintained by Manganelli (2005) , could be sustained in his dataset. Hendry (1995) vividly shows the impact of the failure of weak exogeneity in linear Gaussian models. We set up our Monte Carlo simulation, by extending his generic approach, and examine the consequences of the breakdown of weak exogeneity (assumption) in vector MEMs. We consider two cases of potential breakdown of weak exogeneity in these models and analyse them through three different data generating processes (DGPs) as summarized in Figure   2 ). This suggests that the forecasts of conditional volatility, under the assumption of weak exogeneity contained in Engle and Gallo (2006) , may not be without concern.
Consequences of the failure of weak exogeneity assumption
Overall, our simulation results show that the violation of Type I weak exogeneity has a serious effect on the estimates of the marks process. Figure   3 , are also close to the population values, although the former shows some deviations.
Considering the results of DGP III, it is interesting that the equation-by
Overall, the violation of Type II weak exogeneity appears to have little consequence.
Test of the weak exogeneity of duration for return volatility
We employ the LM tests proposed in Section 3 to test the weak exogeneity of duration vis-à-vis return volatility. We use the Trades and Quotes (TAQ) dataset of the NYSE analysed by Engle and Patton (2004) and Manganelli (2005) . Engle and Patton (2004) construct 10 deciles of stocks covering a period from 1 January, 1998 to 30 June, 1999 using the total number of trades of all stocks quoted on the NYSE in 1997. Out of this sample, Manganelli (2005) randomly selected five stocks from the eighth decile (frequently traded stocks) and another five stocks from the second decile (infrequently traded stocks) and analysed them in his study. We use the raw dataset of Manganelli and follow the approach outlined therein to compute duration, volume and return volatility (including diurnal adjustment for intraday patterns). 10 Specifically, we compute return sequences that are free from bid-ask bounces by following Ghysels 9 We generate 5200 data and use the first 5000 data for the estimation and the remaining 200 for out of sample forecasting.
10 See subsection 4.1 in Manganelli (2005) for a concise description of data prepared; we follow the same approach. et al. (2004) and use the residuals of the ARMA (1,1) model on the return data. We also adjust the time-of-the-day effect following the method of Engle (2000) . We regress durations, volumes and squared returns on a piecewise cubic spline with knots at 9:30, 10:00, 11:00, 12:00, 13:00, 14:00, 15:00, 15:30 and 16:00. The original series is then divided by the spline forecast to obtain the adjusted series for econometric analyses. The tickers' names and summary statistics of the ten stocks are reported in Table 4 Tables 5 and 6. Table 5 contains the results of the frequently traded stocks and Table 6 reports those of the infrequently traded stocks.
We find large persistent parameters ( ) which are consistent with the literature. The contemporaneous duration effect ( ) and the lagged duration effect ( ) on return volatility are statistically significant. The overall effect ( ) 11 is negative which is consistent with the market microstructure predictions (Easley and O'Hara, 1992) . This reinforces the findings elsewhere (e.g. Engle, 2000) that the time of great activity coincides with the probability of informed traders in the market, thereby increasing return volatility. We also find that the feedback effect from return volatility to duration ( ) is negative. Our parameter estimates for duration and return volatility are in line with those of Manganelli (2005) despite the fact that he estimates three processes (viz., duration, volume and return volatility) whereas we model only duration and return volatility. Given our focus on weak exogeneity, modelling duration and return volatility is sufficient for the purpose at hand.
On weak exogeneity, the Type I LM tests reject the null of weak exogeneity (i.e., orthogonality) of duration vis-à-vis return volatility in four of the five cases for frequently traded stocks at the 5% significance level or better. The Type II LM tests reject the weak exogeneity of duration (i.e., no lagged cross-dependence) in all cases for frequently traded stocks. These are interesting findings which go against the assumption of weak exogeneity of duration maintained by empirical literature while analysing frequently traded stocks in the MEM framework. However, the picture changes somewhat vis-à-vis the infrequently traded stocks (Table 6 ). The null of weak exogeneity is only rejected in two of the five stocks under analyses by both Type I
and Type II LM tests.
The correct specification of the conditional mean of the MEMs is fundamental for the validity of weak exogeneity tests. This is because the rejection of the null hypothesis could be due to either the rejection of weak exogeneity or the misspecification of the conditional mean. To ensure that our results do not suffer from the latter, we re-specify the duration as the Augmented ACD (AACD) model (Fernandes and Grammig, 2006) and return volatility as the APGARCH process (Ding et al., 1993) , and re-compute our proposed LM tests of weak exogeneity. Given that the AACD model is flexible enough to encompass most of the extant ACD models, the rejection of the null is less likely to be due to misspecification of the conditional mean. These results are reported in the last two rows of Tables 5 and 6.   12 These LM tests confirm the robustness of our results. Overall, our results suggest that the assumption of weak exogeneity is not data sustainable for frequently traded stocks, whereas there could be some exceptions vis-à-vis infrequently traded stocks. This suggests that duration and marks should be estimated jointly.
Conclusion
A common strategy in modelling financial duration and marks under MEMs has been to assume weak exogeneity of duration vis-à-vis marks and estimate each process separately. However, microstructure theory suggests that duration, volume and transaction prices are jointly determined which raises doubt on the assumption of weak exogeneity maintained by voluminous empirical work. While the issue of weak exogeneity is not new in the literature, the relevant test statistics are mainly derived for linear Gaussian VAR or VECM models, which are not directly applicable to these non-linear and non-Gaussian MEMs. In this paper, we propose two types of weak exogeneity tests applicable to this class of models. The first test statistic, Type I LM test, tests the null of no contemporaneous error correlations between the innovations of duration and marks processes. The second test statistic, Type II LM test, tests the null of no lagged cross-dependence between these processes. Our simulation exercises reveal that the proposed tests have good power properties.
Through Monte Carlo simulations, we show that the failure of weak exogeneity results in biased parameter estimates in the MEMs, a finding which is also fairly standard vis-à-vis linear VAR or VECM models. This bias becomes accentuated with increasing error correlation between the duration and marks processes. This shows that the issue of weak exogeneity is an important one in estimating these MEMs requiring a formal test rather than simply assuming it away. As an empirical illustration, we assess the weak exogeneity assumption maintained by Manganelli (2005) and Taylor and Xu (2016) . 
Under null hypothesis, duration and marks equation are estimated separately. (1, , (Engle et al., 1983) with a constant covariance matrix D , we follow Engle and Hendry (1993) and Boswijk and Urbain (1997) and partition (22) 
It is plausible to use the expected value rather than the predicted value in the MEM models, hence the last term of the c a c a  , which is also shown in Engle et al. (1983;  Example 3.2). Obviously, further restrictions are required to operate a sequence cut on this cross-restriction which ensures the weak exogeneity of t x . Following Engle et al. (1983) , it suffices to impose 12 0 a  , which effectively implies no feedback effect from marks to duration in our model. The joint LM test statistics tends to be the sum of the two partial LM test statistics. Results in Tables 7 and 8 
